The behavior of the amplitude and phase of the "intermediate wave", which we previously introduced as certain fractional solutions to the standard scalar Helmholtz equation, is addressed and presented. 
Introduction
Recently, we considered the possibility of using the method of fractional integration/differentiation in finding certain "fractional" or "intermediate" solutions for the standard scalar Helmholtz equation [1] .
It is well known that for the scalar Helmholtz equation the canonical solutions for the one-, two-and three-dimensional cases are identified as plane, cylindrical, and spherical waves, respectively, with the corresponding sources as one-, two-and three-dimensional Dirac delta functions. We the one-and two-dimensional Dirac delta functions? In our previous work, we showed that fractional integration/differentiation, which are mathematical tools studied in the field of fractional calculus (see, e.g. [2] , [3] ), can be utilized to find the "intermediate" sources and waves that satisfy the conventional scalar Helmholtz equation [1] . These solutions, which depend on the fractionalization parameter ν , have properties that are effectively intermediate between the cases represented by the integer-order ν . In the present work, we show the behavior of phase and amplitude of such intermediate waves in the far-zone region, as the parameter ν attains fractional values between zero and unity where ν = 0 represents the case of the cylindrical wave propagation and ν = 1 denotes the plane wave propagation. As will be seen, the phase and amplitude effectively "evolve" between the two canonical cases of plane and cylindrical waves. The present work is one of the results of our general efforts in recent years to explore potential utilities and possible physical implications of the mathematical machinery of fractional derivatives and fractional integrals in electromagnetism ( [1] , [4] - [8] ). We have applied the tools of fractional derivatives/integrals in several specific electromagnetic case studies, and have obtained promising results that demonstrate that these mathematical operators may be interesting and useful tools in electromagnetic theory.
"Intermediate Wave" between a plane wave and a cylindrical wave
In our previous work, we derived a solution to the scalar Helmholtz equation that we named the "intermediate" or "fractional" solution. Here we provide a brief review of that solution. The details can be found in [1] . To describe the geometry of the problem, let us consider a Cartesian coordinate system (x, y, z) in a three-dimensional physical space. The Green's function for the scalar Helmholtz equation satisfies the following 
When the source is a two-dimensional Dirac delta function δ δ δ
uniform line source along the z-axis), the solution is a cylindrical wave [9, p. 811] as
where H o (1) ( ) ⋅ is the zeroth-order Hankel function of the first kind [10, ch.9] . Through certain mathematical steps in our previous work [1] , we have shown that a source that is described as:
for 0 1 < < ν can be considered as an "intermediate" source between the two cases of one-and twodimensional Dirac delta function sources [1] . 1 See Fig. 1 . The subscript ν is a parameter with fractional values between zero and unity, the pre-subscript "e" indicates the "even" 
for x > 0 and for 0 1 < < ν 1 As in [1] , here again for the sake of mathematical simplicity we assume that all quantities such as x, y, and z coordinates, k, and Ψ ν are physically dimensionless. Thus, the fractional integration operator in Eq. (4) would not cause any inconsistency in dimensions of the quantities. However, if these quantities had to possess physical dimensions, one would then need to multiply the fractional integral operator 
for 0 1 < < ν , kρ >> 1 and ϕ ≠ 0 butϕ not too small
Equations (6) and (7) describe the "intermediate wave" between the cases of the plane and cylindrical wave. As evident in Eq. (7), this expression has two parts: a cylindrical wave whose magnitude drops as ρ Here we should point out that the "intermediate" source given in Eq. (4) is not simply a collection of one single line source (for cylindrical wave) and one single sheet source (for a plane wave) with appropriate coefficients. Because if we had such a combination, the far-zone field would have been dominated by the plane wave.
However, for our source the wave in the far zone behaves as an intermediate case between the plane and cylindrical waves.
Phase and Amplitude of Intermediate Wave
In order to gain physical insights into radiation properties of a source, one ordinarily studies the radiation pattern, i.e., the angular variation of the far-zone radiation field (or radiated energy) of the source. However, in the present case the field expression given in Eq. (7) does not possess a common radial dependence since it has both the cylindrical-wave and the plane-wave portions. Therefore, instead we present graphically the behavior of the phase and amplitude of this field expression. Treating Eq. (7) as a complex quantity with the amplitude A ν and the phase P ν both being dependent on the coordinates of the observation point and on the parameters k and ν , we can recast Eq. (7) as e k x y A x y i P x y Ψ ν ρ ν ν ( , ) ( , )exp ,
Using MATLAB ® (MathWorks, Inc.) we plot the Phase P ν and the amplitude A ν of Eq. ) 3 , when ν → 0 we get a cylindrical wave and the loci of the constant phase in this square region are therefore portions of concentric circles. For this case, the amplitude plot given in Fig. 3 shows a variation proportional to ρ -1/ 2 , as expected. As ν increases, one notices some deformation in the loci of the constant phase in this region. This is due to the contribution of the plane-wave portion of Eq. (7) to originally dominating cylindricalwave portion. A corresponding deformation is also noticed in the amplitude plot in Figure   3 presents the plots of amplitudes corresponding to the cases given in Fig. 2 . This 2 In these plots, kx and ky are obviously dimensionless, and for the sake of simplicity we take k to be unity. This latter assumption does not affect the behavior of the phase plots and the general shape of the amplitude plots, because in Eq. (7) aside from the kx , ky , and kρ terms, the terms involving k appear as multiplicative constant k −ν . See also footnote 1.
3 For the region in the x-y plane over which we present the phase and amplitude of intermediate wave given in Eq. (7), one should consider the two conditions kρ >> 1 and ϕ ≠ 0 but not too small -the conditions under which Eq. (7) was obtained [1] . For the specific square region selected as an example given here, the smallest kρ turns out to be about 3 
